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Abstract. Predicate approaches to modality have been a topic of increased interest in recent in-
tensional logic. Halbach and Welch (2009) have proposed a new formal technique to reduce the
necessity predicate to an operator, demonstrating that predicate and operator methods are ultimately
compatible. This article concerns the question of whether Halbach and Welch’s approach can pro-
vide a uniform formal treatment for intensionality. I show that the monotonicity constraint in Hal-
bach and Welch’s proof for necessity fails for almost all possible-worlds theories of knowledge. The
nonmonotonicity results demonstrate that the most obvious way of emulating Halbach and Welch’s
rapprochement of the predicate and operator fails in the epistemic setting.
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Introduction and overview

An intensional notion can be formally treated as a modal operator or as a predicate.
Traditionally, this choice has been seen as a substantive one: Kaplan and Mon-
tague demonstrate that standard axiomatic treatments of intensional predicates are
inconsistent in a phenomenon referred to as the paradox of the knower [18].1 On
the other hand, operator approaches have well-defined semantics in the form of
possible-worlds semantics.

In a recent innovation, Halbach and Welch offer a formal procedure that reduces
a necessity predicate to an operator, so that the choice between the two approaches
is deflated: ‘necessity’, conceived as a predicate, can be reduced to ‘necessary
truth’, conceived as an operator plus a truth predicate [11]. This article concerns the
question of whether this approach can provide a uniform treatment of intensional
notions generally.

Specifically, I show that the reduction of a knowledge predicate to a corre-
sponding operator plus truth predicate in the Halbach-Welch style fails under some
of the most prominent possible-worlds analyses of knowledge. Their proof utilizes
a monotonicity constraint to guarantee the existence of a minimal fixed point at

Presented by Name of Editor; Received December 1, 2005
1It is well known that Quine [27] also saw great philosophical import in the choice between

predicates and operators, although his metaphysical arguments will not be the topic of the present
paper.
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which the necessity predicate is interpreted in the possible-worlds structures. The
problem I find is that many possible-worlds analyses of knowledge are nonmono-
tonic. As a result, the proof does not carry over in any general way to the epistemic
setting, and places important restrictions on one’s choice of epistemic theory.2

The prospect of emulating the Halbach-Welch strategy in the epistemic context
is an important topic for inquiry, since the method is intended as a general approach
to intensionality and the same kinds of motivations for the reduction figure into the
epistemic case as in the necessity case. In particular, the quantification problem
for operators suggests that the operator lacks expressive power for philosophically
significant quantified statements. For example, the operator’s syntactical resources
do not provide nice representations of propositions such as, ‘All the theorems of
arithmetic are necessary’, ‘There are necessary propositions that are not a priori,’
‘Kurt knows something no one else knows,’ or ‘Something is known a priori’. This
problem arises because operators apply to formulas and not to objects. Hence, it is
not well-formed to write, for example, ‘∀xT hm(x)→�x’. By contrast, predicates
handle these sentences straightforwardly (cf. [11, p. 71]). A reduction such as
Halbach and Welch’s would decisively solve the quantification problem.

Halbach and Welch entertain some philosophical doubts as to whether their
method will extend to some propositional attitudes, but the worries they express
are unrelated to the monotonicity problem.3 And given the natural use Halbach
and Welch make of a standard Kripke jump, it would be surprising if it turned out
that there were formal limitations on the general applicability of their method. The
main results of this paper suggest such a formal limitation.

In §1 I briefly outline Halbach and Welch’s strategy and introduce the seman-
tics. In §§2-3 I turn to the main nonmonotonicity results in the epistemic setting.
These results constitute a series of counterexamples to the crucial monotonicity
constraint in Halbach and Welch’s proof. This will show that their proof does not
carry over in any general way to epistemic operators, demonstrating that the most
obvious way of emulating this strategy in the epistemic setting fails. In §4 I discuss
concerns about closure principles unique to the epistemic setting. Finally, in §5 I
consider some paths for future work.

2Similarly, the monotonicity question arises at a more general level for conditional logics, which
can be understood as modal logics with accessibility relations relativized to formulas, much like the
subjunctive approach of the safety and sensitivity epistemic logics considered here [25, Ch. 5], [4].

3They provide reason to doubt, for example, the applicability of their method to a doxastic lan-
guage with a belief notion, since their approach requires that we assume the operator language has a
truth predicate. It then might be objected that it is possible to believe something without believing it
to be true [11, p. 96]. See §5 below.
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1. Background

In this section, I first outline Halbach and Welch’s strategy and introduce the seman-
tics, jump operators, and Kripke frames. The reader who is already familiar with
this approach may accordingly skip this section and go straight to §2, or merely
skim it to get a sense of our notational conventions.

The first part of their proof involves constructing a translation function between
a source predicate language and a target operator language. The operator language
is restricted to languages with a truth predicate in addition to the modal operator.4

Informally, the sentence ‘2+2=4’ is necessary translates to 2+2=4 is necessarily
true, and the thought is that such a transformation should not be troubling intu-
itively.5

The second part of their proof involves coupling the translation function with
fixed-point model constructions that interpret the specialized predicates (necessity
and truth). The notion of ‘fixed point’ here is the one familiar from Kripke’s the-
ory of truth ([10], [17]). In essence, Halbach and Welch generalize Kripke’s truth
construction to a structure with multiple worlds to treat a necessity predicate.

The two-part strategy thus shows that if a semantics is obtained on the operator
side, then there is one on the predicate side, since the translation function demon-
strably preserves truth-values determined in a possible-worlds structure. Thus,
the predicate will not be subject to the paradox of the knower, it will recover the
possible-worlds semantics, and it will not require any syntactical wizardry to rep-
resent the interaction of the predicate with quantifiers.

1.1. Semantics

To speak more formally, we must introduce the technical machinery. We begin by
defining the intensional predicate language.

The base language L is restricted to languages containing closed terms for all
sentences. For practical purposes, think of L as, for example, the language of
arithmetic. To obtain the intensional language LN we introduce to the first-order
language a primitive predicate N representing necessity. Thus ‘Npϕq’ means ‘ϕ is
necessary.’

We define the semantics with a Strong Kleene version of a model-theoretic

4As Halbach and Welch note, Belnap and Gupta attempt a reduction in the absence of the auxiliary
truth predicate on the modal operator language [2, Ch. 6E]. This forces them to work with a predicate
whose expressive power is constricted in accordance with the quantification problem. See §5 of this
paper for more on this.

5For discussion, see §5, below, and [11, p. 72ff].
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satisfaction relation.6 The satisfaction relation |=SK is between pairs (w,S) with
w ∈W and S ⊆ LN , formulas of LN , and variable assignments. The necessity
predicate N is given the partial extension/anti-extension pair S = (S+,S−), so that
N applies to sentences in S+ and ¬N to all sentences in S−. Note that, since the
Strong-Kleene scheme allows for three-valued logic, it is not necessarily the case
that for all ϕ ∈LN either ϕ ∈ S+ or ϕ ∈ S−. Hence, there may be some ϕ such that
neither Npϕq nor ¬Npϕq obtains. In this case, Npϕq lacks a truth-value. But the
Strong-Kleene scheme will assign the classical value to any formula whose atomic
inputs are classical.

For any predicate symbol P, arbitrary terms t1...tn, and variable assignment a:

Definition 1.1. Strong-Kleene Semantics

(i) (w,S) |=SK Pt1...tn[a] iff w satisfies Pt1...tn under a in the standard sense.

(ii) (w,S) |=SK ¬Pt1...tn[a] iff w does not satisfy Pt1...tn under a in the standard
sense.

(iii) (w,S) |=SK Nt[a] iff the value of t under a is a LN−sentence in S+.

(iv) (w,S) |=SK ¬Nt[a] iff the value of t under a is not a LN-sentence, or it is an
LN-sentence in S−.

(v) (w,S) |=SK ¬¬ϕ[a] iff (w,S) |=SK ϕ[a].

(vi) (w,S) |=SK (ϕ&ψ)[a] iff (w,S) |=SK ϕ[a] and (w,S) |=SK ψ[a].

(vii) (w,S) |=SK ¬(ϕ&ψ)[a] iff (w,S) |=SK ¬ϕ[a] or (w,S) |=SK ¬ψ[a]

(viii) (w,S) |=SK ∀xϕ[a] iff for all variable assignments c differing from a only in the
value of x: (w,S) |=SK ϕ[c]

(ix) (w,S) |=SK ¬∀xϕ[a] iff there exists some variable assignment c differing from
a only in the value of x: (w,S) |=SK ¬ϕ[c]

We will define evaluation functions f to fix an interpretation—an extension/anti-
extension pair—of the necessity predicate at each world by assigning a pair of sets
of LN-sentences to every world in W . So, for example, f (w)+ is the extension of
N at w, while f (w)− is the anti-extension of N at w.

6The standard Strong Kleene scheme is a three-valued logic which establishes an evaluation func-
tion V from sentences of the language to a set of values {0, i,1}. Here 0 is understood as false, 1 as
true, and i as neither true nor false. Atomic propositions get their value in the usual way. ϕ∧ψ takes
the minimum value of ϕ and ψ; ϕ ∨ψ takes the maximum value of ϕ and ψ . In our case (following
the Halbach-Welch strategy), we will specify the Strong Kleene scheme in terms of the satisfaction
relation instead of this more standard account. For the standard account of the Strong Kleene scheme,
see [25, § 7.3, p. 122].
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1.2. Jump operator

The next step is to build a jump operator Γ. The domain and codomain of the oper-
ator Γ is a complete lattice L, which is just a partial order where every non-empty
subset has both a least upper bound and a greatest lower bound.7 The restriction
for Halbach and Welch’s proof of their theorem is that the Γ operator is monotonic.
Formally:

Definition 1.2. Monotonicity
Let Γ be an operator on a complete lattice L into L. Γ is monotonic iff for any

elements A and B of L we have: If A≤ B then Γ(A)≤ Γ(B).

Definition 1.3. Fixed Point
An element B of a complete lattice is a fixed point of Γ iff we have: B = Γ(B)

Intuitively, then, an operator is monotonic when it always preserves the ordering
of the sets it operates on, and a fixed point is a point at which the iterations of the
operation preserves the extension of the input set in the output. Importantly, if an
operator is monotonic, it will produce a fixed point after iterative application.8

A famous application of monotonic jump operators is in Kripke’s theory of
truth.9 Halbach and Welch generalize the Kripke jump to multiple worlds so that
the natural interpretation at the least fixed point is necessity, rather than truth. In or-
der to define this jump operator then, we need the notion of a frame from possible-
worlds semantics.

Definition 1.4. A frame is a pair 〈W,R〉, where W is a nonempty set of possible
worlds and R is a binary relation on W .

We can now define the Halbach-Welch jump operator ΓN :

((ΓN( f ))(w))+ := {ϕ ∈LN : ∀v ∈WwRv⇒ (v, f (v)) |=SK
ϕ} (I)

7See [3, p. 6]. N.b., the natural ordering 0< i< 1 on the set mentioned in footnote 6 is an example
of complete lattice.

8This result is due to Tarski [30]. See also [3, p. 115]. The result is a key element in Kripke’s
approach to allowing a language to contain its own truth predicate while avoiding the truth-theoretic
paradoxes. See [10] and [17].

9Kripke uses a jump operator to approximate the extension of the truth predicate of a given lan-
guage. Intuitively, it begins by operating on the source set A of all true propositions of the language
in which the truth predicate does not appear. The operator is applied in successive iterations to the
source set until it reaches a fixed point. At the fixed point, then, all and only truths are in the jump,
including truths with embedded truth predicates. Since sentences like the Liar have an irreducible
occurrence of the truth predicate, they never make it in the jump. And so, it is said, the jump operator
approximates the extension of the truth predicate while avoiding the associated paradoxes.
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((ΓN( f ))(w))− := {ϕ ∈LN : ∃v ∈WwRv∧ (v, f (v)) |=SK ¬ϕ} (II)

Thus ΓN takes as input evaluation functions f from the set of worlds W to pairs
of subsets of formulas, and outputs another such function g. The lattice structure
is defined by the ordering ≤ such that f ≤ g iff for all w ∈W , f (w)+ ⊆ g(w)+

and f (w)− ⊆ g(w)−. This is a complete lattice since finite and infinite products of
complete lattices are themselves complete lattices.10

At the least fixed-point f , then, S+ is interpreted by f (w)+ = ((ΓN( f ))(w))+ =
{ϕ ∈LK : ∀v ∈W wRv⇒ (v, f (v)) |=SK ϕ}. Hence, for any fixed point f of ΓN

and for any w ∈W and any ϕ ∈ LN , we have:11

(w, f (w)) |=SK Npϕq iff ∀v ∈W wRv⇒ (v, f (v)) |=SK ϕ

(w, f (w)) |=SK ¬Npϕq iff ∃v ∈W wRv∧ (v, f (v)) |=SK ¬ϕ

Note that the clause defining the jump operator here mirrors precisely a standard
semantic clause for a necessity operator in a modal logic. Hence, the predicate
approximates the truth-values specified by the ambient alethic theory.

Given the received wisdom on the Kripke jump and the natural use Halbach
and Welch make of the device in their approach, it would be surprising if it was not
generally applicable. In order to test the generalization of their approach, then, I
will turn to the epistemic modal logics canvassed in [15].

2. Relevant Alternatives Models

I begin with an important class of epistemic modal logics called Relevant Alterna-
tives (RA) models. The intuitive force of these kinds of models can be sketched
with a variation on Holliday’s medical exam example [16, p. 5]. Suppose that two
medical students are to take an exam in which they must diagnose a patient. In fact,
the patient has a common condition c. A basic visual exam easily differentiates c
from a related condition c′. There is a far rarer disease, x, and it requires exten-
sive laboratory tests to differentiate x from c or c′. Suppose both students diagnose
the patient with c—they are both correct. However, the first student performed the
laboratory tests for x, while the second student concluded c after only the visual
exam. The second student has therefore only eliminated the c′ possibility, and has

10See [3, p. 111].
11See Halbach and Welch’s own demonstration, [11, p. 87]
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not eliminated the x possibility. Did the second student know that the patient had c?
Some may say that the rarity of x excludes it as a relevant alternative. In that case
the verdict would be that attributing knowledge to the second student would be ap-
propriate. The metrics of the RA models are meant to allow these sorts of analyses
of closer and more distant worlds in the evaluation of knowledge attributions.

With respect to the semantics, we share the Strong-Kleene definitions given in
Definition 1.1 above, with the exception of clauses (iii) and (iv) now being typo-
graphically altered to represent a knowledge predicate:

Definition 2.1. Strong-Kleene Semantics for Epistemic Logic

(iii′) (w,S) |=SK Kt[a] iff the value of t under a is a LK−sentence in S+.

(iv′) (w,S) |=SK ¬Kt[a] iff the value of t under a is not a LK-sentence, or it is an
LK-sentence in S−.

In order to model a knowledge predicate instead of a necessity predicate, we must
specify the set S in such a way that it corresponds to a possible-worlds concept of
knowledge attribution. The desired method is to use evaluation functions f to in-
terpret S, and, in turn, to use jump operators to approximate an ambient epistemic
theory. So we must construct new jump operators that correspond to epistemologi-
cal theories.

The first method to be employed in the construction of epistemic jump opera-
tors is to extend the possible-worlds frames to RA models:12

Definition 2.2. A relevant alternatives model is a tuple M of the form 〈W,→,�,V 〉
with:

1. a nonempty set W

2. → is a reflexive binary relation on W

3. � assigns to each w ∈W a binary relation �w on some Ww ⊆W
a. �w is reflexive and transitive
b. w ∈Ww and for all v ∈Ww w�w v

4. V assigns a set V (P)⊆W to each atomic sentence in the language.

12The formal definitions are borrowed from [16, p. 11]. It is worth noting that the relation � in
item 3 has nothing to do with the lattice structure on the evaluation functions which was defined
immediately after Definition 1.4. These are two separate and unrelated order structures. The partial
order on the set of evaluation functions is used to assess whether jump operators have fixed points
or not. The reflexive and transitive ordering on worlds used in RA-models is used to define the
semantics for the knowledge operator in these models, as in (III) below.
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As is familiar from standard modal logic, the elements of W are in epistemic logic
the ‘possible worlds’ or ‘states.’ The → relation is conceptualized in terms of
uneliminated possibilities. So, we write, ‘w→ v’ to say that ‘v is an uneliminated
possibility from w.’ Intuitively, we think of v as being some possible state of affairs
that cannot be ruled out by the current evidence available to some subject in w.13

The→ relation must be reflexive, but for the sake of generality we will currently
maintain reflexivity as the only restriction on→.

A relation satisfying�w is relevance preorder on its field Ww. So, for u,v∈Ww,
‘u�w v’ means that from the standpoint of w, u is at least as relevant as v. Condition
(3.a.) guarantees that the �w relation is a preorder. Other, stronger, restrictions can
be placed upon �w to make it a well-founded order or a linear order, for example.
For our purposes, we will refrain from taking these up so as to retain generality.
Condition (3.b.) builds in Lewis’ Rule of Actuality, which states that the actual
world should always be maintained as a relevant alternative [20, p. 554].

Note that the epistemic framework introduces a valuation function, V which
is understood such that V (P) is the set of worlds in which P holds. Of course,
the semantics were defined in Definitions 1.1 and 2.1 in a predicate framework,
whereas the evaluation function V is assigned to a propositional framework. This
simplification is taken because it is conventional in this setting of epistemic logic
and it will not affect the primary results below. The two frameworks can easily
be combined by taking the domain to be the standard model of arithmetic with
the usual arithmetic operations, and with the addition of an extension and anti-
extension for the knowledge predicate.

The following notational conventions will also be used:

Definition 2.3. For w,v,u ∈W and S⊆W

1. u≺w v iff u�w v and not v�w u

2. Min�w(S) = {v ∈ S∩Ww : there is no u ∈ S such that u≺w v}

We say ‘u ≺w v′ to mean that u is strictly more relevant at w than v is. Intuitively,
Min�w is the set of most relevant possibilities of those ordered by �w.

With these definitions in place, the next step will be to attempt to construct
epistemic fixed-point models in the style of Halbach and Welch’s. The goal is to
find operators that allow us to construct partial fixed-point models for the possible-
worlds theories of knowledge that are expressible in the RA framework. First we
will consider Lewis’s theory, followed by Dretske’s.

13As noted in [16, p. 10], different versions of what it is to eliminate an alternative have been
proposed. It is not important for present purposes what version one prefers.
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2.1. The Lewis Interpretation

We begin with Lewis’ epistemology. Lewis begins with the observation that, intu-
itively, in order for someone to know that ϕ , she must have evidence to eliminate
all the non-ϕ possibilities. But this can lead to skepticism, since skeptical scenarios
may not be eliminable by the evidence. Lewis argues that we can restrict the worlds
that need to be eliminated to those that cannot be “properly ignored” [20, p. 551].

Importantly, Lewis’ notion of elminating worlds is independent of the proposi-
tion under consideration. Therefore, we can define Lewis’ epistemology in a modal
logic with a new accessibility relation R′ such that wR′v holds if and only if w→ v
and v ∈Min�w(W ) [16]. So a Lewisian modal logic of knowledge can be defined
in the RA-models:

(M ,w) |= �Kϕ iff ∀v ∈ W [(w → v ∧ v ∈ Min≺w(W )) ⇒ (M ,v) |= ϕ] (III)

Here, �K stands for a modal operator of knowlege, to set it apart from the K predi-
cate defined in the SK-semantics in Definition 2.1. We can think of the Min≺w(W )
set as simply being the relevant worlds [16, p. 14]. Hence, an agent knows ϕ in w
if and only if ϕ is true in all the relevant worlds v that remain uneliminated by the
agent in w. Hence, Lewis’s verdict would allow that the second medical student has
knowledge: in the absence of special reason to think that the patient might have x,
the x-world can be properly ignored.

Importing this clause to the present setting, this naturally suggests the following
jump operator ΛK :14

((ΛK( f ))(w))+ := {ϕ ∈LK : ∀v ∈W [(w→ v∧ v ∈Min≺w(W ))

⇒ (v, f (v)) |=SK
ϕ]} (IV)

((ΛK( f ))(w))− := {ϕ ∈LK : ∃v∈W [w→ v∧v∈Min≺w(W )∧(v, f (v)) |=SK ¬ϕ]}
(V)

14It should be stressed that this—and all of the jump operators to follow—is obviously an ideal-
ization. The operator we are constructing here is not tied to any specific agent and it doesn’t tell
us anything about the quality or the source of the knowledge. Nor is it meant to be anything like
an agent’s occurrent state of mind when she asserts that she knows something. However, such an
idealization is informative both for epistemic logicians and epistemologists, given ubiquitous closure
failures and other interesting epistemological phenomena that come up even in idealized settings. See
[7] and [16].
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It can be shown that the Lewis operator does in fact return the extension of the
Lewisian K predicate. Following the Halbach-Welch strategy, we define an order-
ing on the set of all evaluation functions: we have f ≤ g if and only if for all w∈W
we have both f (w)+ ⊆ g(w)+ and f (w)− ⊆ g(w)−. We know that ΛK is mono-
tonic with respect to this ordering, that is, f ≤ g⇒ ΛK( f )≤ ΛK(g). For, Halbach
and Welch have proven a general result about accessibility relations R. Their proof
can be carried over word for word to our setting, provided that we stipulate a new
accessibility relation R′ such wR′v holds if and only if w→ v and v ∈Min�w(W ).

Hence, by standard results in set theory there exist fixed points of ΛK ; that is,
there exists some f with ΛK( f ) = f . Therefore, the argument we gave above for
ΓK carries over word for word to ΛK . This, of course, will secure desired result for
the Halbach-Welch strategy, indicating that we have the following:

(w, f (w)) |=SK Kpϕq iff ∀v ∈W [w→ v∧ v ∈Min�w(W )]⇒ (v, f (v)) |=SK ϕ

(w, f (w)) |=SK ¬Kpϕq iff ∃v ∈W [w→ v∧ v ∈Min�w(W )]∧ (v, f (v)) |=SK ¬ϕ

The Halbach-Welch recovery of possible-worlds semantics is thus successful for a
Lewis style knowledge predicate.

The rest of the paper will look at instances of prominent epistemological theo-
ries that induce nonmonotonic jump operators, blocking the most obvioius way of
emulating Halbach and Welch’s strategy. The central ingredient in our proof of the
Lewis interpretation’s success on the Halbach-Welch strategy was that the Lewis
theory merely modified the R relation to pick out the set of relevant possibilities.
We then just needed to stipulate a new R′ so as to export Halbach and Welch’s proof
for any given R. The remaining theories will involve philosophical moves that will
preclude this strategy.15

2.2. The Dretske Interpretation

Dretske’s epistemology can also be defined in the RA framework in terms of con-
ditions on relations over possible worlds.16 Unlike Lewis, Dretske holds that the

15For discussion, see §4 below.
16N.b., The → relation in RA models can be characterized as an analogue to the accessibility

relation from standard Kripke models (see § 2, p. 8 above). However, there is an important divergence
in the Dretske-semantics. Standard epistemic versions of Kripke models satisfy invariance of truth
under→-generated submodels, so that one can simply remove an eliminated world from W without
altering the truth-value of any formula at w. Dretske-semantics lacks this feature, so that eliminated
worlds remain in W . See [16, fn 18, p. 11].



Epistemic Logic and the Halbach-Welch Strategy . . . 11

selection of relevant alternatives is to be relativized to the proposition in question.
According to Dretske, then, for every proposition P there is a “relevancy set”, and
in order to know P a person must be in an evidential position to exclude the alter-
natives in the relevancy set for P [8, p. 371].

As Holliday notes, this can be converted into talk about possible worlds and
formalized in a modal logic. Suppose P is the set of worlds where P is false. Then
for P there is a set of relevant alternatives r(P) ⊆ P that must be eliminated [16,
p.9]. As with the Lewis semantics, Holliday derives from this a natural modal logic
[16, p.14].

To import this formalism into the current setting, consider the following jump
operator, which can be naturally extracted from Holliday’s formalization of the
modal logic derived from Dretske’s epistemology [16, p. 14]:17

∆K( f )(w)+ := {ϕ ∈LK : ∀v[(w→ v∧ v ∈Ww∧∀u≺w v(u, f (u)) |=SK
ϕ)

⇒ (v, f (v)) |=SK
ϕ]} (VI)

∆K( f )(w)− := {ϕ ∈LK : ∃v[w→ v∧ v ∈Ww∧∀u≺w v(u, f (u)) |=SK
ϕ

∧ (v, f (v)) |=SK ¬ϕ]} (VII)

To illustrate the intuitive idea, let us return to the medical student case. A semantics
based on the least fixed-point of this clause would rule that the second student
indeed successfully knows the diagnosis. For, recall, the actual world is a c-world,
and with the visual exam the student has eliminated the c′ world that is between
the actual world and the x-world. Hence, even though the x-world remains an
uneliminated non-c world, the semantics predicts that the student has knowledge.

The question is whether the natural jump operator that we have obtained from
the Dretskean modal logic is monotonic. It turns out that obtaining monotonicity
for the ∆K operator is highly problematic. We make this precise with the following
proposition:

Proposition 1. Suppose that (i) (Ww, �w) is a finite linear order. Suppose further
that (ii) for v, v′ ∈Ww we have (v∼=w v′⇒ v = v′). Finally, suppose (iii) w→ v for
all v ∈Ww. Then

f ≤ g⇒ ∆K( f )(w)+ ⊆ ∆K(g)(w)+∧∆K( f )(w)− ⊆ ∆K(g)(w)−

17Note that Holliday’s version of the Dretske-semantics, which I use here, borrows also from
Heller’s work [13] [14]. A survey of the secondary literature citing Holliday [16] indicates that his
exposition is rather uncontroversial (cf. [12], [1], [33].).
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Proof. Enumerate Ww as w = v1 ≺w v2 ≺w v3 ≺w ... ≺w vn. Then it suffices to
show that ∆K( f )(w)+ = ΛK( f )(w)+, since we know that ΛK( f )(w)+ is mono-
tonic.18 Suppose pϕq ∈ ∆K( f )(w)+. For the first case, set v = w in the defi-
nition of ∆K( f )(w)+. Since v = w = v1, there are no u ∈Ww with u ≺w v. So
we have, for all u ≺w v, that (u, f (u)) |=SK ϕ . Furthermore, since v = w, and
we know that pϕq ∈ ∆K( f )(w)+, we know that (v, f (v)) |=SK ϕ . In further cases
where v = vn for n > 1, we have the same result, since we have proved it for the
least element of Ww. So ∆K( f )(w)+ := {ϕ ∈ LK : For all v such that w → v
(v, f (v)) |=SK ϕ}=ΛK( f )(w)+. The other direction follows easily from definitions,
and similar reasoning can be used to establish the case for ∆K( f )(w)−.

This demonstrates that there are certain constraints that will recover monotonicity
for ∆K( f )(w). But these are philosophically problematic. For, constraint (ii) says
that any two equally relevant worlds are the same world. But we have no prima
facie reason to suppose that that is the case, and in fact reason to deny it. For
example, consider a case of flipping a coin. It seems plausible to describe the case
like so: there is one possible world in which the coin lands heads and one possible
world in which the coin lands tails. Suppose we flip the coin but close our eyes for
the landing. Now both possible worlds, the heads-world and the tails-world, are
equally relevant and uneliminated scenarios for us. Worse yet, the presupposition
(iii), that w→ v for all v ∈Ww is much too strong. For, that entails that we can
never eliminate any relevant possibility with the evidence that we have.

If conditions (i)-(iii) are not in place, then monotonicity can fail for ∆K :

Proposition 2. There exist f ,g and w such that f ≤ g and ∆K( f )(w)+*∆K(g)(w)+

Proof. We construct the following countermodel. The set of worlds is a three-
world set W = {w1,w2,w3}. We have a relevance preorder on W with
�wq= {〈wr,ws〉 : q < r < s}. Finally, the epistemic accessibility relation is defined
as →= {〈w1,w1〉,〈w1,w3〉,〈w2,w2〉,〈w3,w3〉}. Further, let the knowledge predi-
cate be interpreted as follows:

w1 w2 w3

f ({ϕ},∅) (∅, ∅) (∅, ∅)
g ({ϕ},∅) ({ϕ},∅) (∅, ∅)

We can look at the case of ψ ≡ Kpϕq. We must demonstrate that ψ ∈ ∆K( f )(w1)
+

and ψ 6∈ ∆Kg(w)+.

18See § 2.1 above.
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First, we can show that ψ ∈ ∆K( f )(w1)
+. For, there are two cases. In the

first case, v = w1. We have ϕ ∈ f (v)+. So (v, f (v)) |=SK ψ . So the conditional
is satisfied. In the second case, v = w3. We do not have (u, f (u)) |=SK ψ for all
u ≺w1 v, since ϕ 6∈ f (w2)

+. So the conditional is vacuously satisfied. So, ψ ∈
∆K( f )(w1)

+.
We can also show that ψ 6∈ ∆K(g)(w1)

+. It suffices to consider the case of
v = w3. We know that ϕ 6∈ g(v)+. So (v,g(v)) 6|=SK ψ . But for all u≺w1 v, we have
ϕ ∈ g(u)+. So for all such u, we have (u,g(u)) |=SK ψ . So ψ 6∈ ∆Kg(w)+.

In sum, the Dretske operator is nonmonotonic in the absence of conditions (i)-
(iii). For, note that we obtained monotonicity in Proposition 1 with the implausible
constraints (i)-(iii). In Proposition 2, we have a failure of monotonicity on a model
in which constraints (ii) and (iii) fail. It is in principle possible that monotonicity
could be restored in the absence of (i)-(iii) by representing the uneliminated relation
in a dynamic setting, for example by changing it in the jump. But this would involve
a substantive complication of the Halbach-Welch strategy. For, it would require a
non-trivial dynamic modification of the usual possible-worlds semantics for the
operators. By contrast, Halbach and Welch’s target is presumably to show that
one can simulate intensional predicates with intensional operators with the usual
approach to the operators.

3. Counterfactual Belief Models

The next class of theories under consideration are the Counterfactual Belief (CB)
theories. The basic idea behind CB theories is to extend the ideas of the RA models
to a doxastic setting. Again we must introduce some new terminology in order to
formalize these ideas.19

Definition 3.1. A Counterfactual Belief Model is a tuple of the form 〈W,D,6,V 〉.
In this, W , 6, and V are understood in the same way as their counterparts in Defi-
nition 2.2, and D is a serial binary relation on W .

We think of the serial relation D as a doxastic accessibility relation whereby ‘wDv’
means ‘everything that the agent believes in w is true in v.’ A relation D ranging
over some set A is serial just in case, for all a ∈ A, there exists some b ∈ A such
that aDb. Thus, instead of uneliminated scenarios, we have scenarios that are “dox-
ically possible” for a subject, that is, worlds that are compatible with everything
the subject believes in w.

19Once again, these definitions are taken directly from [16, p. 17-18].
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In order to incorporate the doxastic element of the CB models, Holliday ex-
tends the epistemic language to an epistemic-doxastic language with a modal belief
operator B, such that:

(w,S) |=SK Bϕ iff ∀v wDv⇒ (v, f (v)) |=SK ϕ

I will not take the convenience of adding B to the language since it will just compli-
cate matters for my purposes. Wherever the B operator would appear in Holliday’s
formulations, I will just replace it with the clause on the right of the biconditional.

Finally, a relation satisfying 6w plays the same role as the relevance relation
above, but here the intended interpretation is comparative similarity to w. This
intended interpretation enables one to capture the counterfactual conditions on an
agent’s belief in safety and sensitivity theories of knowledge.

3.1. The Safety Interpretation

One well known CB theory is the safety theory. According to this theory, an agent
knows ϕ just in case she believes ϕ and she would believe ϕ only if ϕ were true.
For example, consider my current belief that I am sitting in front of this computer.
The safety semantics declares my belief safe, and therefore knowledge, just in case
it would have been difficult for me to falsely believe that I am sitting in front of my
computer.

As above, Holliday formalizes this theory in a modal logic using special con-
ditions on relations over possible worlds [16, p.20]. What we wish to show here is
that the natural jump operators obtained from importing these modal logics into the
Halbach-Welch setting will turn out to be nonmonotonic. From the safety theory
there are two very natural jump operators, and I will examine each in turn.20 For
readability, in what follows, read (*) as shorthand for:

(∗∗)∀u ∈Wwu <w v⇒ (∃t ∈WwuDt ∧ (t, f (t)) 6|=SK
ϕ)

∧ (∗∗∗)(∀t ′ ∈WwvDt ′⇒(t ′, f (t ′)) |=SK
ϕ) (VIII)

Then define the jump operator like so:21

20See §3.2, below, for the alternate jump.
21Note that the first conjunct in the jump clause is a translation of the semantics of the doxastic

B operator. That is to say, as per Holliday’s account, we have (v, f (v)) |=SK Bϕ iff ∀v wDv ⇒
(v, f (v)) |=SK ϕ .
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ΣK( f )(w)+ := {ϕ ∈LK : ∀v ∈Ww[wDv⇒ (v, f (v)) |=SK
ϕ ∧ (∗)

⇒ (v, f (v)) |=SK
ϕ]} (IX)

One can obviously present an analogous definition of ΣK( f )(w)− as I have done
for the previous operators. I leave it out here for simplicity.

As in the case of the ∆K operator, we have a demonstrable failure of monotonic-
ity for the ΣK operator we have constructed here, and, hence, the canonical method
for showing the existence of a fixed point will not work. We make this precise with
the following proposition:

Proposition 3. There exist f ,g and w such that f ≤ g and ΣK( f )(w)+*ΣK(g)(w)+

Proof. Suppose we had a five world model Ww1 := {w1,w2,w3,w4,w5} with
D := {〈w1,w1〉,〈w2,w2〉,〈w3,w2〉,〈w4,w5〉,〈w5,w5〉}. Suppose for all wx,wy ∈Ww1

wx ≡w1 wy. Further, interpret the knowledge predicate like so:

w1 w2 w3 w4 w5

f ({ϕ}, ∅) (∅,∅) (∅,∅) (∅,∅) (∅,∅)
g ({ϕ,ψ}, ∅) ({ϕ}, ∅) (∅,∅) (∅,∅) (ψ,∅)

Let χ ≡ Kϕ ∨Kψ . It suffices to show: χ ∈ ΣK( f )(w1)
+ and χ 6∈ ΣK(g)(w1)

+.
First we show that χ ∈ΣK( f )(w1)

+. For the first conjunct of the ΣK clause, note
that the only v such that w1Dv is v=w1. We have ϕ ∈ f (w1)

+, so (v, f (v)) |=SK Kϕ

for v = w1. By the SK-Semantics, then, (v, f (v)) |=SK Kϕ ∨Kψ . So (v, f (v)) |=SK

χ .
We must now show that (∗) is satisfied for all v∈Ww1 . Note that the structure of

(∗) is this: ∀v ∈Ww1 (∗∗)∧ (∗∗∗)⇒(v, f (v)) |=SK χ . So for each v′ we must show
either a failure of (∗∗), a failure of (∗∗∗), or the satisfaction of (v, f (v)) |=SK χ. As
for (∗∗), note that in the model all worlds are equally relevant. Hence, there does
not exist any u ∈Ww1 such that u <w1 v. This will hold true across the board, so we
know that for all v ∈Ww1 , condition (∗∗) holds vacuously. So for each v′, we must
show either that the consequent of (∗) holds or a failure of (∗∗∗).

Suppose first v′ = w1. Then ϕ ∈ f (w1)
+, so (v, f (v)) |=SK Kϕ . By the SK-

Semantics, then, (v, f (v)) |=SK Kϕ ∨Kψ , that is, (v, f (v)) |=SK χ . So (∗) holds.
Suppose v = w2. The only t ′ such that w2Dt ′ is t ′ = w2. However, f (w2)

+ =∅,
so neither (w2, f (w2)) |=SK Kϕ nor (w2, f (w2)) |=SK Kψ . So (w2, f (w2)) 6|=SK χ .
So (∗∗∗) fails. So (∗) holds.
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Suppose v = w3. The only t ′ such that w3Dt ′ is t ′ = w2. However, f (w2)
+ =∅,

so neither (w2, f (w2)) |=SK Kϕ nor (w2, f (w2)) |=SK Kψ . So (w2, f (w2)) 6|=SK χ .
So (∗∗∗) fails. So (∗) holds.

Suppose v = w4. The only t ′ such that w4Dt ′ is t ′ = w5. However, f (w5)
+ =∅,

so neither (w5, f (w5)) |=SK Kϕ nor (w5, f (w5)) |=SK Kψ . So (w5, f (w5)) 6|=SK χ .
So (∗∗∗) fails. So (∗) holds.

Suppose v = w5. The only t ′ such that w5Dt ′ is t ′ = w5. However, f (w5)
+ =∅,

so neither (w5, f (w5)) |=SK Kϕ nor (w5, f (w5)) |=SK Kψ . So (w5, f (w5)) 6|=SK χ .
So (∗∗∗) fails. So (∗) holds.

So χ ∈ ΣK( f )(w1)
+.

We must now show that χ 6∈ ΣK(g)(w1)
+. As is well known, SK-semantics pre-

serves the top truth-value under extensions. Hence, since f ≤ g, the first conjunct
of the ΣK clause holds as before. We must then show one v such that (∗) fails. By
the equi-relevance of all the worlds, the case is the same as above for (∗∗); that is,
condition (∗∗) holds vacuously throughout. So it remains to show some v such that
condition (∗∗∗) holds while (v,g(v)) 6|=SK χ .

Consider v = w4. We have w4Dw5 and ψ ∈ g(w5)
+. So (w5,g(w5)) |=SK

Kψ . By the SK-Semantics, then, (w5,g(w5)) |=SK χ . So (∗∗∗) holds. However,
g(w4) =∅, so (w4,g(w4)) 6|=SK Kϕ and (w4,g(w4)) 6|=SK Kψ . So (w4,g(w4)) 6|=SK

χ .
So χ 6∈ ΣK(g)(w1)

+.

3.2. The Alternate Safety Interpretation

In the ΣK operator above, we first fix the comparative similarity field Ww, and only
thereafter do we determine which elements—of those in Ww—satisfy the safety
conditions. However, another way of understanding the safety method is to de-
termine if a given proposition satisfies the safety conditions for a given possible
world simultaneously to determining if the given possible world is in the set of
comparatively similar worlds.

An alternate safety operator can be constructed to make this characterization of
safety more precise:22

Σ
′
K( f )(w)+ := {ϕ ∈LK : ∀v(wDv⇒ (v, f (v)) |=SK

ϕ)∧∀v′ ∈Ww[(¬∃u(u <w v′)

∧∀t(v′Dt⇒(t, f (t)) |=SK
ϕ))⇒(v′, f (v′)) |=SK

ϕ]} (X)

22Note that this characterization corresponds more closely to Holliday’s own formalization, [16,
p. 20].
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But this safety interpretation is not monotononic either:

Proposition 4. There exist f ,g and w such that f ≤ g and Σ′K( f )(w)+*Σ′K(g)(w)
+

Proof. By counter model. Consider a set of worlds W := {w1,w2,w3} with the
epistemic-doxastic relation D := {〈w1,w1〉,〈w2,w3〉,〈w3,w3〉} and the compara-
tive similarly relation 6w1 := {〈w1,w2〉,〈w1,w3〉,〈w2,w1〉,〈w2,w3〉,〈wi,wi〉 for i =
1,2,3}. Then fix the interpretation of the knowledge predicate like so:

w1 w2 w3

f ({ϕ}, ∅) (∅,∅) (∅,∅)
g ({ϕ}, ∅) (∅,∅) ({ϕ}, ∅)

Consider, again, ψ ≡ Kϕ . I claim that in the above model ψ ∈ Σ′K( f )(w1)
+

and ψ 6∈ Σ′K(g)(w1)
+.

We must first show that ψ ∈ Σ′K( f )(w1)
+. First, we satisfy the conditional

w1Dv⇒ (v, f (v)) |=SK ψ for all v, since there are no other v with w1Dv. Hence,
we know by construction that (v, f (v)) |=SK ψ . It will now suffice to show that the
second conjunct, the conditional with the long antecedent, holds for all v′. There
are then three cases.

For [Case 1], set v′ = w1. We have ϕ ∈ f (w1)
+, so (v′, f (v′)) |=SK ψ . Hence,

the consequent holds so the conditional holds. For [Case 2], set v′ = w2. Then the
second conjunct of the antecedent fails, since v′Dw3 and (w3, f (w3)) 6|=SK ψ. So
the antecedent fails, and so the conditional holds vacuously. Finally, for [Case 3]
we set v′ = w3. Then the first conjunct of the antecedent fails, since there does exist
u <w1 v′. Hence, the antecedent of the long conditional fails and so it holds. So
ψ ∈ Σ′K( f )(w1)

+, as desired.
We must now show that ψ 6∈Σ′K(g)(w1)

+. It will suffice to show one v′ such that
the conditional statement fails. Consider v′ = w2. We have v′ ∈Ww1 . Furthermore,
w1 6w1 w2 and w2 6w1 w1, so w1 'w1 w2. Hence, there is no u with u <w1 v′. So
the first conjunct of the antecedent is satisfied. We also satisfy the second conjunct,
since the only t such that v′Dt is w3, and ϕ ∈ g(w3)

+. So (w3,g(w3)) |=SK ψ .
However, ϕ 6∈ g(w2)

+, so in this case (v′,g(v′)) 6|=SK ψ . Hence, the antecedent
holds and the consequent does not, so the conditional fails. So, ψ 6∈ Σ′K(g)(w1)

+.

It seems, then, that no matter which way we prefer to characterize the safety theory,
we will not end up with a monotonic jump operator.



18

3.3. The Sensitivity Interpretation

The next CB theory is known as the sensitivity theory. The intuitive idea here is
that an agent has knowledge when her beliefs are sensitive to falsehood. An agent
knows ϕ just in case she believes ϕ , and she would not believe ϕ in a situation
in which it was false. Consider again my belief that I am currently sitting in front
of the computer. My belief would be sensitive, and thus knowledge, just in case
I would cease believing that I am sitting in front of a computer in a nearby world
in which I were to stand up and go to the window over there. See [16, p. 20] for
Holliday’s formalization of this theory into modal logic.

To implement the modal logic based on sensitivity theory into the present set-
ting, consider the following operator:23

HK( f )(w)+ := {ϕ ∈LK : ∀v wDv⇒ (v, f (v)) |=SK
ϕ

∧∀v ∈Min6w(Jϕ̄K)∃v′(vDv′∧ (v′ f (v′) 6|=SK
ϕ)} (XI)

And, once again, a variation on the same theme: there is a counter model demon-
strating the failure of monotonicity for the HK operator.

Proposition 5. There exist f ,g and w such that f ≤ g and
HK( f )(w)+ * HK(g)(w)+.

Proof. Again, by counter model. Consider a set of worlds W := {w1,w2,w3,w4},
with a doxastic accessibility relation D := {〈w1,w3〉,〈w2,w4〉,〈w3,w4〉,〈w,,w2〉},
and a comparative similarity relation <w1 :={〈wq,wr〉 : q < r}. Then interpret the
knowledge predicate like so:

w1 w2 w3 w4

f ({ϕ}, ∅) (∅,∅) ({ϕ}, ∅) (∅,∅)
g ({ϕ}, ∅) (∅,∅) ({ϕ}, ∅) ({ϕ}, ∅)

Consider ψ ≡ Kϕ . I claim that the above model shows that ψ ∈ HK( f )(w1)
+

and ψ 6∈ HK(g)(w1)
+.

First, we can show that ψ ∈HK( f )(w1)
+. The only v such that w1Dv is v = w3.

We have ϕ ∈ f (w3)
+. Hence, (w3, f (w3)) |=SK ψ . Now we can show that for all the

v ∈Min6w(Jψ̄K) we have a v′ with vDv′ with v′, f (v′) 6|=SK ψ . Note, w2 is the only
member in Min6w(Jψ̄K). So, set v=w2 and v′=w4. We have w2 ∈Min6w(Jψ̄K) and
w2Dw4. We know that ϕ 6∈ ( f )(w4)

+, so (w4, f (w4)) 6|=SK ψ . So ψ ∈HK( f )(w1)
+.

23As above, one can define the analogous “minus” operator for the HK operator.
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Next, we can show that ψ 6∈ HK(g)(w1)
+. First, set v = w2. We then have

w2 ∈Min6w(Jψ̄K). However, there are no v′ with w2Dv′ and (v′,g(v′) 6|=SK ψ . For,
the only world v′ such that w2Dv′ is v′ = w4. However, ϕ ∈ (g)(w4)

+. Hence,
(w4,g(w4)) |=SK ψ . So we have a v ∈Min6w(Jψ̄K) such that for all v′, if vDv′, then
(v′,g(v′)) |=SK ψ. So ψ 6∈ HK(g)(w1)

+.

4. Closure and Monotonocity

Responding to the paradox of the knower constitutes a central motivation for Hal-
bach and Welch’s strategy, as mentioned in the Introduction. However, the canon-
ical derivations of the paradox involve an axiom of closure under known implica-
tion. By contrast, in the present epistemic setting, closure failures are widespread
[16]. It is therefore important to consider why concerns about the paradox carry
over into the present setting where closure under modus ponens fails.

Consider the traditional result on the paradox of the knower, owing to Mon-
tague [22, 23]. Here the following axiomatization of a knowledge predicate is
shown to be inconsistent:

(1) Kpϕq→ ϕ

(2) KpKpϕq→ ϕq

(3) Kpϕq∧Kpϕ → ψq→ Kpψq

(4) Kpϕq, for all ϕ that are provable from the background arithmetic theory.

Here, (1) is understood as representing the principle that what is known must be
true, while (2) says that (1) is itself known. Axiom (3) represents the principle of
epistemic closure under modus ponens which says that the consequences of known
implications of known truths are themselves known. Axiom (4) says that all prov-
able statements in the background arithmetic theory are known. The worry about
knowledge predicates, then, is that these principles exact minimal demands on the
predicate, and even so such an axiomatization is inconsistent. Axiom (1) repre-
sents a virtually uncontested principle of knowledge, and a moment’s reflection on
any instance of (1), for any sufficiently sophisticated epistemic subject, makes an
instance of (2) evident. So (2) seems to come along with (1). Axioms (3) and (4)
may be understood as prima facie highly plausible as well.

On the other hand, some would want to argue that (3) is independently implau-
sible for epistemic reasons, and so the paradox only adds more evidence against
accepting the closure axiom. Closure in the epistemic case is contentious for two
main reasons. First, many epistemologists point out that actual agents are likely to
miss or be mistaken about the implications of what they know. More importantly,
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it is argued that closure too easily defeats skeptical hypotheses, even in ideal rea-
soners.24 Given this, one natural way to interpret Kaplan and Montague’s results is
as a decisive formal result in an argument against closure [21].

But this response to the paradox of the knower is disputed by Cross’s [5] deriva-
tion of the paradox using only (1), (2), and (4).25 The problem presented by the
paradox of the knower thus extends to settings where there are closure failures, as
in the possible-worlds theories of knowledge considered here.

It is worth noting, as well, that Cross’s derivation of the paradox does not give
us reason to suppose that the Halbach-Welch approach is simply a nonstarter in the
epistemic setting. For, in the three-valued semantics used, ungrounded sentences
receive intermediary truth-value so that the semantic paradoxes are avoided on the
predicate side, as per the standard Kripke construction ([10], [17]). So an instance
of (1) might be such that ϕ is a liar sentence, in which case ϕ will have intermediary
truth-value, that is, will be neither true nor false. It’s then possible for (1) to fail
to have top truth-value; hence (2) will also not have top truth-value. Regardless
of whether the intended interpretation of the predicate is necessity or knowledge,
one must reject (1) and (2) as axiom schemas to use the present rapprochement
strategy. A successful generalization of the move Halbach and Welch make to
recover possible-worlds semantics for the intensional predicate would therefore be
an important result for epistemic logic, even in epistemic settings where closure
fails.26

This invites the intriguing question of whether and how it is that closure and
monotonicity are connected. A possible clue exists in Holliday’s discussion of the
unique “parameter” setting involved in Lewis’ theory [16, § 9]. Holliday’s discus-
sion shows that Lewis’ theory is an outlier among the theories canvassed insofar as
it preserves closure, and the present results show that Lewis’ theory is an outlier
in this domain insofar as it preserves monotonicity. Holliday argues that Lewis’
preservation of closure results from the conjunction of his methods of determining
a relevancy set, and of ruling out a world from the relevancy set so determined. It
is natural to wonder, then, if the distribution of monotonicity failures that I have
detected is connected in some way to these parameter settings. In contrast to the
other theories considered, Lewis’ method of determining a relevancy set and ruling

24See [7], [29, p. 13-43]. See [16, p. 5-6] for Holliday’s account of this objection in terms of
epistemic logic.

25The original discovery is in [5], though Cross later released an updated version with a small
correction (see [6]) that didn’t substantially affect the result. For secondary literature on the proof
see [31]; Theorem 2.10 in [9]; §3 of [28]

26One might object that my discussion here does not accurately reflect what the arrow means in a
three-valued semantics. For, we have not defined the arrow as a sequent arrow or as being defined by
disjunction and negation. The matter is not crucial to my concerns here.
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out a given possibility is independent of the proposition under consideration. This
partly enabled the representation of Lewis’ theory with a modal clause that sim-
ply defined a new accessibility relation. This, in turn, enabled the application of
Halbach and Welch’s general result for all accessibility relations.27

From a strictly philosophical perspective, is also notable, in this regard, that
Lewis’ monotonic theory endorses an important modal character of knowledge
while at the same time denying that the relevant modal character is to be captured
by subjunctive conditionals, in contrast to the nonmonotonic safety and sensitivity
theories. A natural suggestion is that failures of monotonicity are closely connected
with subjunctivist versions of possible-worlds theories of knowledge. We have here
some inductive evidence of this connection, but the results are not definitive in this
respect. This is a significant point of consideration, given the central importance of
safety and sensitivity in discussions about overcoming skepticism.

5. Conclusion

It turns out that some of the most prominent possible-worlds analyses of knowl-
edge are nonmonotonic, so that the monotonicity constraint in Halbach and Welch’s
proof is not satisfied on these theories under a fragment of their available models.
In the absence of an alternative method of emulating the strategy, there is therefore
evidence that predicates and operators remain genuinely competing approaches
for intensional notions other than necessity. Specifically, the results demonstrate
that pursuing the strategy places strong constraints on the choice of epistemic the-
ory. For, the compatible theories, including Lewis’ and Hintikka’s, are not usually
thought by counterfactualists and contextualists to be the most plausible ones. In
epistemology, the safety and sensitivity theories, which turned out here to induce
nonmonotonic jump operators, are more widely preferred [26]. It follows that the
approach cannot be maximally general for intensionality, and that there are both
technical and philosophical barriers to adopting the approach in the epistemic set-
ting.

An important target of investigation will be the counterfactual connection be-
tween belief and truth that the counterfactual approaches posit. Formally this is
reflected in the appearance of the SK satisfaction relation in the antecedent of the
definitions of the operators, in contrast to the Lewis approach in which it appears
only in the consequent. But the results here do not definitively establish a deep
philosophical connection between the counterfactual approach and the failure of
the Halbach-Welch strategy, as they leave open the possibility of a counterfactual
theory that has this formal feature and that is nevertheless monotonic.

27See § 2.1, above.
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These results further suggest new paths for future research into predicate ap-
proaches to modality, which are currently seeing a resurgence of interest. For ex-
ample, it remains open to a supporter of the strategy to show that fixed points can
be produced by a device other than monotonicity. Perhaps the formalizations used
here could be improved upon to produce perfectly adequate models of the suggested
theories that yet have monotonic operators. Furthermore, other interesting counter-
factual theories, such as Nozick’s tracking theory ([24]) or Williamson’s margins
of error theory ([32]), remain to be investigated. Alternatively, there may be an
impossibility result waiting in the wings showing that there are no fixed points for
the possible-worlds theories of knowledge.

Of course, the investigations of the monotonicity properties of possible-worlds
theories of knowledge and of alternative methods of producing fixed points would
be premature if it turned out that the translation function itself is philosophically
problematic in the epistemic case. There are at least two objections to the purported
equivalency of the translation. Recall that the translation function would transform,
for example, “Kurt knows something no one else knows” into “Kurt knows some-
thing to be true that no one else knows to be true.” First, it might be argued that
someone can know something without having any concept of truth at all, and there-
fore not know it to be true. Second, it might be charged that someone can know
something to be true without knowing that a sentence that expresses this fact is it-
self true (since the truth predicate takes the names of sentences into its extension).
A natural response would be to switch the order of the operator and truth predicate
in the target language, so that the translation obtains, for example, “It is true that
something is known by Kurt and it is not true that it is known by anyone else.”
These concerns have been discussed elsewhere and do not bear significantly on the
formal results at issue here [19], [11, p. 75-76].28
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